ABSTRACT. It is shown that the product of two operators on a Hubert space has real spectrum if one of them is symmetric and the other is positive. Also, the product of two positive operators has positive spectrum.
In general we do not know much about the spectrum of the product of two (bounded, linear) operators. The Jacobson Lemma which states that the two products AB and BA of operators A and B have the same spectrum except possibly for the point zero, is one of the few known facts. In finite dimensions there are results under additional hypotheses that, say, operators A and B are orthogonal projections [1] (see also [3] ) or, that they are strictly positive [2] . Here, we generalize a finite-dimensional result of Hu-yun [2] on the spectrum of the product of two positive operators.
Our first result, Proposition 1, is an immediate consequence of the following obvious facts: (1) If B is a surjective operator on a Hilbert space H such that the range of B* is dense in H, then B is invertible. (2) If A and B are two operators on H such that the product BA is invertible and 0 is not in the residual spectrum of B*, then B is invertible. Here and in the sequel A* denotes the Hilbert space adjoint of the operator A. Besides, "0 is in the residual spectrum of an operator A" means that A has trivial kernel and its range is not dense in H. PROOF. The nonzero points of the spectrum of the two products AB and BA coincide by the Jacobson Lemma. If BA is invertible, use assertion (2) above to get that AB is also invertible. To get the other implication, use the first one for the adjoints. The second equality stated in the proposition follows from the fact that AB = (AP)P using the above argument for the product of AP and P.
REMARK. Observe that it can easily be proved that in the case Ker A* = Ker A = Ker B = {0}, the operators AB and PAP are quasisimilar in the sense of Sz.-Nagy and Foias [4] . However, even when A and consequently PAP are selfadjoint, the standard theory of quasisimilarity gives us only the inclusion a(PAP) C a(AB) in general.
In the following we shall need the notion of the numerical range W(S) of an operator 5 on H, defined as the set {(Sx, x); \\x\\ -1} where (•, ■) denotes the Recall now the following result of Hu-yun [2] . Denote by pi,Vi, and A¿ respectively the eigenvalues of the n x n matrices A, B, and AB where A and B are strictly positive. Then, 2 (min^j)2(min^)2 n ., . .,, -7^-?2It ■ \i < A* < ö max/i¿ 2 + maxi/,2. n(mmp.i)¿ + (rcmwiY 2
Our Proposition 2(b) gives another estimate (min/ij)(min^¿) < A, < (max //,) (max t/¿) which is sharper even in the case n = 2. We have thus seen that the spectrum of the product of a selfadjoint and a positive operator is always real. A natural question arises whether the product of two selfadjoint operators has always real spectrum. The answer is no even in two dimensions. Namely, take A = 1 0 0 -1 B = 0 1 1 0
to get a product AB with purely imaginary spectrum. ACKNOWLEDGMENT. The authors are grateful to the referee for his valuable comments.
